Abstract-The output current of a n avalanche photodiode (APD) fluctuates in the absence of light a s well a s in its presence. The noise in this current arises from three sources: randomness in the number and in the positions at which dark carrier pairs a r e generated, randomness in the photon arrival number, and randomness in the carrier multiplication process. The volume dark current in many multilayer and conventional APD's, unlike the current arising from injected carriers, results from thermal or tunneling processes that generate electron-hole pairs randomly throughout the depletion region of the device. This results in a smaller mean multiplication and a larger excess noise factor than the usual values associated with carriers injected a t one edge of the depletion region. Photogenerated carriers produced by light incident on the depletion region a r e also subject to this modified multiplication. We consider a generic model for a multilayer avalanche photodiode that admits arbitrary variation (with position) of the bandgap, dark generation rate, and ionization coefficients within each stage of the device. Expressions for the mean multiplication and excess noise factors for dark carriers alone, injected carriers alone, and for a n a rbitrary superposition of dark and injected carriers a r e derived for this general model. Special cases of our results reduce to well known expressions for the conventional APD, the separate absorptiodgrading/multiplication APD, the multiquantum-well APD, and the staircase APD.
I. INTRODUCTION HE output current of an avalanche photodiode (APD)
T fluctuates in the absence of light as well as in its presence. The noise in this current arises from three sources: randomness in the number and in the positions at which dark carrier pairs are generated, randomness in the photon arrival number, and randomness in the carrier multiplication process. General results are available for the variance of the photodetector output current in terms of the photon-number variance-to-mean ratio for the light and the excess noise factor for the detector in the absence of dark events [l] . The output-current variance has been shown to be directly proportional to the detector excess noise factor when the number of photons at the input to Manuscript received April 8, 1989; revised August 20, 1989 . This research was supported by the National Science Foundation. The review of this paper was arranged by Associate Editor G. Craford. the detector is Poisson distributed. Explicit expressions for the excess noise factor are available for both doublecarrier-multiplication conventional APD's (CAPD's) [2] , [3] and double-carrier-multiplication multilayer (superlattice) APD's [l] . The results for the special case of a single-carrier multilayer APD agree with those reported by Capasso et al. [4] for the graded-gap staircase APD. The excess noise factor is a useful quantity because it compactly represents the statistical properties of the gain fluctuations that introduce multiplicative noise.
In many applications involving the detection of light, the absorption of photons is localized in a certain region of the device external to the multiplication region so that all of the photocarriers enter this region at its edge and thereby have an opportunity to experience the same multiplication. However, in the presence of dark current, this is generally not the case. The electron-hole pairs constituting the bulk dark current are generated throughout the bulk of the material so that most of them will be partially multiplied rather than fully multiplied, as has long been known [5] . Because of the randomness in the locations of these generations, the mean multiplication is smaller, and the excess noise factor larger, than the usual values associated with injected carriers [6]- [8] . Photogenerated carriers resulting from light that happens to be absorbed in the depletion region of the device also undergo partial multiplication.
Dark noise in APD's usually comprises both a nonmultiplied part (usually ascribed to surface leakage) and a multiplied part (the bulk dark current) [5] , [9] . The nonmultiplied part, which in some devices far exceeds the multiplied part [ 5 ] , is taken to arise from Poisson events and is therefore taken to result in shot noise in the circuit of the device. Most experimental studies of APD dark current have focused on the behavior of its mean value as a function of reverse-bias voltage or temperature [ 101 (and see, for example, [ I l l and [12] ). However, the entire APD dark-current electron counting distribution has been measured in a few studies (see, for example, [ 131-[ 151) . Of course, the latter results contain more information than just the mean value alone.
In this paper, we consider a generic multilayer avalanche photodiode model in which carrier transport takes place perpendicularly to the plane of the layers. Our structure admits arbitrary variations (with position) of the bandgap, dark generation rate, and ionization coefficients 0018-9383/90/0300-0599$01 . OO O 1990 IEEE within each stage of the device. For a large number of substages, this variation may assume a continuous form. We have chosen this structure because of its generality. Special cases include the uniformly multiplying conventional APD 121, [3] , [5] The treatment presented here is based on a single-carrier initiated double-carrier multiplication process (SCIDCM) , where it is specifically assumed that electrons initiate the avalanche process. Results for hole-initiated multiplication are obtained by simply interchanging the electron and hole ionization coefficients CY and p. It is straightforward to convert the formulas into a form suitable for double-carrier initiated double-carrier multiplication (DCIDCM). The formalism follows the assumption that the ability of a carrier to ionize is independent of the carrier's history.
MODEL
The generalized multilayer structure examined in this paper is illustrated in Fig. 1 . The depletion region of width w is represented by a spatial replication of an arbitrary number m of identical stages (three are shown in the figure). Each stage has total width L and consists of an arbitrary number N of substages (again, three are shown). Each substage is characterized by its width 1, by constants CY and representing the electron-and hole-ionization coefficients, respectively, and by the rate at which dark carriers are generated g . These parameters vary from substage to substage, and their subscript designates their sequential position within each stage. The onset of a hypothetical avalanche process, arising from an initial darkgenerated electron-hole pair generated at position x in the device, is shown by the solid and filled circles in Fig. 1 
THEORY A. Calculation of the Mean Multiplication
The multiplication or gain noise (we use these terms interchangeably) of a conventional uniformly multiplying APD was first calculated by McIntyre in 1966 [2] . Our calculations make use of his general approach; however, we relax the restriction that the multiplication assume a Bernoulli form with infinitesimally small success probability in the limit of an infinitessimal distance.
Let M ( x ) be the average number of electron-hole pairs resulting from an initial pair generated at position x in the depletion region (see Fig. 1 ). M ( x ) represents the sum of all carrier pairs subsequently created: by electrons (solid circles) drifting to the left down the slope of potential energy and by holes (open circles) drifting to the right up the slope, in addition to the original pair. Thus M ( x ) is given by
provided that the ionization history of the carrier is ignored 121. Differentiation provides which can be solved for the nth stage (for which nL I x I ( n + 1 ) L ) and then extended to the entire depletion region.
For each substage i of any given stage, we can define the distance between the beginning of that stage and the end of the ith substage We now proceed to several definitions that will permit us to compactly express our results for identical stages.
Let
If P and Q are less than unity, they represent the electron and hole ionization probabilities per stage, respectively [23]. Although we have assumed that all stages are identical, our analysis can be extended in a straightforward manner by permitting P and Q to be indexed by the stage number, thereby allowing them to differ from stage to stage. Alternatively, the entire depletion region can be considered in terms of a single stage, allowing for the most general structure.
Furthermore, we define the ionization-rates ratio k as k = Q / P . Depending on the limit in which our results are evaluated, k reduces to either the conventional APD ionization-rate ratio k, or the multilayer ionization rate ratio k, [ 11. Equation (4a) can now be reexpressed as
where R is a parameter that depends only on the fundamental quantities (Y and 0 and on the geometry of the depletion region. Converting (4b) to a recursion equation,
where w is the width of the depletion region. This result is similar to that derived by others [26].
For photocaniers injected at w , the multiplication M( w) is precisely the standard mean multiplication of the device ( Me ) which can, of course, be calculated from (1):
Using ( 
Hi ( 6 )
(
where [ H i 3 represents a family of constants defined as
Like R , the parameter Hi depends only on CY and /3 (and thereby on the external reverse bias) and on the structure of the depletion region. They will be used extensively in the upcoming formulas.
Using ( 5 ) and (7) in (6), we obtain so that Equation (8) represents the mean multiplication for injected electrons in the general multilayer structure presented in Fig. 1 . The dark generated carriers multiply differently because of their random spatial origin in the depletion region. The mean dark multiplication is defined as
Using (3) and (3, (9) becomes which can be more ( M e ) , using (5) and compactly expressed in terms of (71, as Equations (4b), (7), f8), and (10) provide a full characterization of the mean multiplication of the generic multilayer device both for injected carriers and for carrier pairs generated throughout the depletion region.
The behavior of the mean dark multiplication is quite different in the two cases, as is illustrated in Fig. 2 . Plots of ( Md ) versus ( Me ) for a conventional APD and for a five-stage MQW APD are presented in Fig. 2 (a) and (b), respectively. The curves fall below the diagonal, indicating that the mean multiplication is reduced when the carriers are uniformly generated in the depletion region. This is, of course, expected inasmuch as the average carrier traverses only a limited portion of the depletion region and therefore undergoes only partial multiplication. Only for the conventional APD with k, = 1 does ( Md ) = ( M, ) . In this case, the electron and hole ionization coefficients are equal so that an initial carrier pair will experience the same multiplication wherever it is generated. Comparing Fig. 2 (a) and (b) shows that, for a given value of k , the mean dark multiplication is higher in the MQW APD than it is in the conventional APD. This is because electrons generated at an arbitrary position within a given stage experience full multiplication at the edge of that stage for the MQW APD but only partial multiplication (depending on the precise position of generation) for the conventional APD. In the general case, both dark-generated and injected carriers exist. These give rise to the currents Id and I,, respectively. We therefore define a pre-multiplication mixed injection current 1, = I, + Id, which leads to a total multiplied current where ( M,,, ) is the mean mixed multiplication.
We also define the ratio of mean dark-generated to mean injected primary currents as r = Zd/Ze.
B. Calculation of the Current
The current consists of two components: the electron current I,, which increases monotonically going "downhill" in the depletion region, and the hole current Ip, which increases monotonically going "uphill" in the depletion region (see Fig. l) . Because electrons and holes are created in pairs, an increase in the electron number is always accompanied by an increase in the hole number.
If we provide, in analogy with (l), that the increase in the hole current in an infinitesimal length dx at point x is the sum of the multiplied electron current and the multiplied hole current in that region plus the current associated with dark generation [2] , we obtain Furthermore, at any point x in the depletion region, the total current is constant and independent of x : This equation can now be solved recursively by specifying the current at the edge of the depletion region. Under conditions of electron injection only, I,, ( w ) = I,, (mL) = I,. This results in (15) Equations (13) and (15) characterize the total electron current in the depletion region. The total current I is simPlY
Alternatively, I can be obtained by solving (15) at x = 0, where I,, ( 0 ) = I; this calculation will not be carried out here.
C. Spectral Noise Density and Excess Noise Factor
The multiplication noise in APD's is characterized by the excess noise factor. For an arbitrary random variable M , this quantity is defined as the ratio of the second moment to the square of the first moment, i.e. Here, (I,) is the mean total current before multiplication, I;, is the photon Fano factor (ratio of variance to mean) for the incident light, and F, is the excess noise factor associated with the mixed multiplication process
In the absence of dark current ( r = 0) , S , and F,,, reduce to the results for pure electron injection (Se and F,. respectively ), whereas in the absence of injected current ( r = 03 ) , they reduce to the results for pure dark generation (S, and Fdr respectively ).
We assume henceforth that the statistical properties of the carrier-pair generation process is Poisson, in which case I ; , = 1, and (16) 
We now proceed to calculate the spectral noise density in the general case in which there is a mixture of injected and dark-generated carriers. The expressions for Se and Sd then obtain as special cases. The spectral noise component arising from the region between x and x + dx is dS, = 2eM2(x) var (dIp(x)) = 2eM2(x) dIp(x) F ( x ) (19) where F ( x ) is the Fano factor associated with the multiplication M ( x ) at position X . Using ( 1 1 ) we obtain
Integrating this expression over the entire depletion region leads to
After substantial algebra, using (3), (4b), (7), and (13) in (21), we finally obtain -i = n + l
H i ] ] .
This is the principal result of this paper. It represents the noise spectral density for a generic multilayer APD in the presence of both injected and dark-generated carriers.
In the absence of dark current ( gi = 0 , i = 1, * , N ) and for continuous (Bernoulli with infinitesimally small success probability P ) multiplication ( p i = 1 , i = 1 , * * * , N ) , (22a) reduces to Similarly, replacing the sum by an integral in (4a) provides
1 whereupon (22a) becomes in the continuous limit. This result is a version of the expression obtained by McIntyre that incorporates both injected and dark-generated carriers [2] . We now proceed to evaluate this quantity for a number of multilaver and conventional structures of interest. 
IV. APPLICATION TO SPECIFIC AVALANCHE PHOTODIODES
The noise spectral density S,, arising from dark-generated events, from (22c), is
A. Conventional Avalanche Photodiode (CAPD)
The generic model illustrated in Fig. 1 
The ionization-coefficient ratio k therefore becomes
I -R

& = 2 e ( M e ) ___
Using (10) and (27), we obtain , . a w ( M , ) ) , (28) the last term of which is precisely that arising from hole injection multiplication M ( 0) of the conventional APD [2] , which we denote by ( Mh ) . This corresponds to the generation of photocarriers at the point x = 0 in the depletion region so that only holes initiate the avalanche process. This result is equivalent to that obtained by considering the conventional APD to be a structure with an infinite number of stages ( m -+ 00 ) and with a single substage ( N = 1 ) , i.e., the continuous limit (22d). The expression for the conventional APD dark excess noise factor is therefore . (29) --
(Md)
which is in agreement with [6]- [8] . The dark excess noise factor Fd versus the mean dark multiplication ( Md ) , with k, as a parameter, is presented in Fig. 3(a) . A similar approach using (22b) for electron injection provides the noise spectral density S,, and the well known excess noise factor F , , which is shown in Fig. 3(b) .
For any given value of k, except unity, the dark excess noise factor Fd increases more rapidly with the mean dark multiplication than does the excess noise factor Fe with the mean electron multiplication. This arises from the additional randomness in the generation positions of the dark-generated carriers. More generally, the case of mixed injection is shown in Fig. 3(c) for various values of darkto-injected current ratio r when k, = l o p 3 . When r = 0 and r = 03, we recover the pure injection and pure darkgenerated results, respectively. For intermediate values of r, the excess noise factor lies between these two limiting values. The same results can be obtained by appealing directly to the continuous-limit result (22d). tions do not arise in this region; thus, the dark generation rate g l and hole generation rate PI may take on arbitrary finite values. The principal contribution to the dark current is assumed to arise in the third substage, where the bandgap is smallest.
Under these conditions, (7) gives rise to the following values for H :
( 1 + k , P ) I l 2 and 1 ( 1 + ksP)1'2
Substituting these results into (8), and making use of (4b), provides
which is identical to [ 1 , eq. (27) ], as expected.
leads to
Similarly, using (10) for the dark-current multiplication
The relationship between 0 and Q PL = In (1 + k , P ) , which reduces in the case of small k, to PL = k,P may be used.
The appropriate parameters for a ten-stage MQW APD can be inserted in (22a). The behavior of the dark excess noise factor Fd versus the mean dark multiplication ( Md ) for a ten-stage MQW APD is illustrated in Fig. 5(a) with k, as a parameter. The dark events were assumed to be generated only in the regions of low bandgap. The case of uniform generation throughout the depletion layer was also calculated; the results are indistinguishable from those shown in Fig. 5(a) within the graphical accuracy of the plot. The results in Fig. 5(a) are to be compared with those for the excess noise factor F, versus mean multiplication (M,) , which is shown in Fig. 5(b) . More generally, the case for mixed injection is shown in Fig. 5(c) for various values of dark-to-injected current ratio r , when k, = lo-'. When r = 0 and r = 0 0 , we recover the pure injection and pure dark-generated results, respectively. For intermediate values of r, the excess noise factor lies between these two limiting values. The same effect was seen with the conventional APD illustrated in Fig. 3(c) . This result arises, of course, because of the added randomness associated with the dark carrier-pair generation process.
C. Staircase Avalanche Photodiode
The potential benefits of a staircase structure have been considered by a number of authors [4] , [19], [22]-[24] , although the growth of a structure involving graded gaps presents a substantial challenge. The dark noise associated with the staircase APD requires separate treatment because the bandgap varies with position within each stage of the device as does the dark generation rate g ( x ) .
The band diagram for the staircase APD is represented in Fig. 6 (a) in terms of the generic multilayer band structure shown in Fig. 1 . Only three stages ( m = 3 ) are shown for simplicity. Each stage comprises two substages ( N = 2 ) . The idealized staircase band structure emerges in the limits I, -, 0, a I + 00, with all = P , E , = 1 -P; I2 = L , a ( x ) = 0; PI = P ( x ) = P, _F(x) = 1 and is represented in Fig. 6(b) . Electron-initiated multiplication is therefore assumed to occur only at the risers of the staircase, whereas hole-initiated multiplication is taken to have a constant ionization coefficient P (x) = throughout the depletion region. In the graded-bandgap region, assumes the value 1, whereas at the edge, it becomes ( 1 -P ) to account for Bernoulli multiplication with finite success probability P.
The dark current is assumed to be generated throughout the graded region where the bandgap varies. The dark carrier pairs may be generated by two mechanisms: by the tunneling of electrons from the valence band into the conduction band or by the thermal excitation of electrons into Assuming an ideal staircase APD in which the bandgap varies linearly with position within each stage, as is illustrated in Fig. 6(b) , we rewrite (33) as
where go is the dark-generation rate at the maximum bandgap g ( 6Ema,) and Using (34) 9 we Obtain
The dark current is then
width of substage 1 has been reduced to 0. g ( x ) is taken to represent the thermal dark generation rate in the continuous region. The maximum bandgap 6E,,, and the minimum bandgap 6E,,, used to calculate the multiplication noise in the device are indicated.
At the step, the constant Hi becomes
the conduction band. The dependence of the dark-generation rate on the bandgap differs in the two cases. As a particular example, we consider the operation of a staircase structure that is assumed to be dominated by dependence of g on the bandgap energy 6E is described whereas elsewhere, they are given by thermally generated dark carrier pairs. In this case, the by [281
where K is Boltzmann's constant, and Tis the temperature of the device. For a fixed temperature T, the thermal darkgeneration rate can be written in terms of the local band-
Using (lo), the mean dark multiplication ( & ) becomes
. Replacing g ( x ) and H ( x ) by the expressions given in (34) and (36), respectively, leads to a formula for the mixed noise spectral density for the staircase APD. Although we have not plotted the excess noise factors for the staircase device, they are expected to closely resemble those for the MQW APD. This is because the plots for the excess noise factor of a ten-stage MQW APD with uniform dark carrier generation throughout the depletion region are indistinguishable (within the accuracy of the plot) from those presented in Fig. 5 .
V . CONCLUSION
We have considered a generic multilayer avalanche photodiode model that admits arbitrary variation (with position) of the bandgap, dark generation rate, and ionization coefficients within each stage of the device. Expressions for the mean multiplication and excess noise factors for dark carriers alone, injected carriers alone, and for an arbitrary mixture of dark and injected carriers were obtained. Carriers that are photogenerated throughout the depletion region behave like dark-generated carriers. Our expressions reduce to the well known results for the conventional APD, the multiquantum-well APD, the staircase APD, and the separate absorption/grading/multiplication APD. In all cases, the excess noise factor for a multilayer APD lies below that for a conventional APD.
The treatment presented here is based on a single-carrier initiated double-carrier multiplication process (SCIDCM) , where it is specifically assumed that electrons initiate the avalanche process. Results for hole-initiated multiplication are obtained by simply interchanging the electron and hole ionization coefficients a and 0. Expressions for double-carrier initiated double-carrier multiplication (DCIDCM) are readily obtained from the formulas derived here by solving (14) subject to the condition I, (w ) Our formalism follows the usual assumption that the ability of a carrier to ionize other carriers is independent of the carrier's history. It will be useful to modify this assumption so that the carrier ionization coefficients cy ( x ) and p ( x ) become cy ( x , x ' ) and / 3 ( x , x ' ) , respectively, to reflect the ionization probabilities of a carrier at the point x when it was generated at the point x '. The simplest model to account for this type of behavior introduces a "dead space," which prohibits the carrier from multiplying within a certain distance of its birthplace, thereby reflecting the physical requirement that it gain sufficient energy to do so. We have recently obtained a number of results that incorporate the effects of dead space [29] .
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